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What is topology?

Studying the abstract shape of objects
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Betti numbers

Counting d-dimensional holes

Bo=1,B1=0,B=1
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This talk

Most examples are geared towards analysing graphs, but we will also briefly discuss
more generic variants of topological data analysis.
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The shape of a graph

Connected components

/37
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The shape of a graph
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The Betti numbers of a graph

A graph with n vertices, m edges, and k connected components has y = k and
1 =m+k—n.

Bo=1,p=14+1-13=2
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Comparing two graphs using Betti numbers

Bo=1,p1=14+1-13=2 Bo=1,B=15+1-13 =3
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Properties of Betti numbers

Betti numbers are invariant under graph isomorphism, i.e. if G and G’ are isomorphic,
their Betti numbers will coincide (the other direction is not true).
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Properties of Betti numbers

Betti numbers are invariant under graph isomorphism, i.e. if G and G’ are isomorphic,
their Betti numbers will coincide (the other direction is not true).

Some ‘heretical’ thoughts

Graph isomorphism is too restrictive for many purposes; we want ‘near-
isomorphism’ or isometry.
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Persistent homology

Intuition

Suppose we have weights on the edges. If we add them in ascending order of their
weight, we can watch as topological features of the graph change!
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Persistent homology

Intuition

Suppose we have weights on the edges. If we add them in ascending order of their
weight, we can watch as topological features of the graph change!
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Persistent homology

Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
a topological feature was created at step ¢ and destroyed at step d.
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Persistent homology

Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
a topological feature was created at step ¢ and destroyed at step d.
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Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
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Persistent homology

Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
a topological feature was created at step ¢ and destroyed at step d.
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Persistent homology

Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
a topological feature was created at step ¢ and destroyed at step d.
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Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
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Persistent homology

Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
a topological feature was created at step ¢ and destroyed at step d.
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Persistent homology

Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
a topological feature was created at step ¢ and destroyed at step d.
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Intuition, continued
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Persistent homology

Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
a topological feature was created at step ¢ and destroyed at step d.
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Persistent homology

Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
a topological feature was created at step ¢ and destroyed at step d.
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Persistent homology

Intuition, continued

Store information about features in a persistence diagram. A tuple (c, d) indicates that
a topological feature was created at step ¢ and destroyed at step d.
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Some formal properties

Persistent homology assigns a graph G with a function f: G — R a set of persistence
diagrams, describing the topological features of G, as ‘measured’ via f.
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Persistent homology

Some concepts

We are calculating topological features of a filtration of graphs, i.e. a sequence of
subgraphs satisfying
GoCG1C...G1C G =6,

where G is the ‘original’ graph.

Persistent homology has a rich mathematical foundation that permits its use
in the context of simplicial complexes, i.e. generalised graphs, and many other
types of data structures.
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Brief digression

Persistent homology in a metric space setting
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Brief digression

S. Groha, C. Weis, A. Gusev and B. Rieck: ‘Topological Data Analysis of Copy Number Alterations in Cancer’,
2020, arXiv: 2011.11070 [g-bio.GN]

Analysis of point clouds of copy number alteration (CNA) values, i.e. somatic changes
resulting in multiplication or loss of DNA sections.
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Brief digression

S. Groha, C. Weis, A. Gusev and B. Rieck: ‘Topological Data Analysis of Copy Number Alterations in Cancer’,
2020, arXiv: 2011.11070 [g-bio.GN]

Analysis of point clouds of copy number alteration (CNA) values, i.e. somatic changes

resulting in multiplication or loss of DNA sections.

0.8 4

0.6

0.4

0.2 4

Breast cancer

ETHziirich

0.8 1

0.6

04

0.2 4

Non-small cell lung cancer

Recent Advances in Topology-Based Graph Classification

0 02 04 06 08 1

Bastian Rieck ~ @Pseudomanifold 7 Dec 2020 13/37


https://arxiv.org/abs/2011.11070
https://twitter.com/Pseudomanifold

Using persistence diagrams in machine learning pipelines

Persistence diagrams are multisets in R x R U {oo}, which can make their use in
machine learning somewhat cumbersome. There are two schools of thought for
integrating them:

Vectorise the diagram (i.e. create high-dimensional feature vectors)!
Change the architecture to include them!

ETHziirich Recent A
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Using persistence diagrams in machine learning pipelines

Persistence image calculation

s

The persistence image amounts to a density estimation (with appropriate weights).
This image can be made into a high-dimensional feature vector, and integrated into
any machine learning algorithm.
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Back to graphs

What is the ‘right’ filtration?

Set f(v) := deg(v) for every vertex v and f(u,v) := max(deg(u), deg(v)) for every
edge (u,v) to obtain f: G — R.
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Topological features of labelled graphs

B. Rieck, C. Bock and K. Borgwardt: ‘A Persistent Weisfeiler-Lehman Procedure for Graph Classification’, ICML,

2019
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Some history

The Weisfeiler-Lehman test for graph isomorphism

Create a colour for each node in the graph (based on its label or its degree).
Collect colours of adjacent nodes in a multiset.

Compress the colours in the multiset and the node’s colour to form a new one.
Continue this relabelling scheme until the colours are stable.

If the compressed labels of two graphs diverge, the graphs are not isomorphic!

The other direction is not valid! Non-isomorphic graphs can give rise to
coinciding compressed labels.
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Weisfeiler-Lehman iteration & subtree feature vector
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Weisfeiler-Lehman iteration & subtree feature vector

Node Own label Adjacent labels

A ° °

B ° °

C ° (YY X
D ° °

E ° (YY)
F ° °

G ° °
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Weisfeiler-Lehman iteration & subtree feature vector

Node Own label Adjacentlabels Hashed label

A ° ° °
B ° ° °
C ° 'YXXx} °
D ° ° °
E ° (YY) °
F ° ° °
G ° ° °
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Weisfeiler-Lehman iteration & subtree feature vector

®(G):=(3,1,2,1)

Compare G and G’ using a kernel function.

Kernels

= (®(G),(9))
k(G,G') == exp(—[®(G) — @(¢")|3/ (20?))

=

O

Q
|
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Digression

A distance between label multisets

Let A = {l;”,l;”, ...}and B = {li’l, 132, ... } be two multisets that are defined over

the same label alphabet X = {I;,1,, ... }.
Transform the sets into count vectors, i.e. X := [a1,4;,...] and ij := [by, by, ... ].

Calculate their multiset distance as

1
r
diStm(f,]?) = (Z ]ai — b,‘|p> ,
1
i.e. the pt" Minkowski distance, for p € R. Since nodes and their multisets are in
one-to-one correspondence, we now have a metric on the graph!

S De
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Multiset distance

Example forp =1

distn (C, E) = distu ({#°,01}, {#2,0})
= disto([3,1], [2,1])
—1

distmn(C, A) = dist ({0,},{*'})
=3
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Extending the multiset distance to a distance between vertices

Use vertex label from previous Weisfeiler-Lehman iteration, i.e. 1?(1?71), as well as lz(]’f),

the one from the current iteration:
disty (03, 7) = 15" £ 107 + diston (15,10 ) + 7
@ T € R~ is required to make this into a proper metric. Else, the expression

can become zero even though the vertices themselves are not equal.

This turns any labelled graph into a weighted graph whose persistent homology we
can calculate!
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Persistence-based Weisfeiler-Lehman algorithm

Perform Weisfeiler-Lehman iteration for a number of steps.

In each step, obtain a filtration using the vertex distance.
Store persistence-based features.

Why does this work?
For graphs, there is a one-to-one mapping between topological features and

vertices/edges! Vertices correspond to connected components, while edges
correspond to cycles.
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Persistence-based Weisfeiler-Lehman feature vectors

Connected components Cycles
h
O = [P (lo) 2" (1), .. | ®wic = 3" (0),5" (), .|
p" (1) := Y pers(v), W (1) =Y pers(u,0),
1(v)=l; liel(u,v)
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Persistence-based Weisfeiler-Lehman feature vectors

Connected components Cycles
h
O = [P (lo) 2" (1), .. | ®wic = 3" (0),5" (), .|
p" (1) := Y pers(v), W (1) =Y pers(u,0),
1(v)=l; liel(u,v)
Bonus

We can re-define the vertex distance to obtain the original Weisfeiler-Lehman
subtree features (plus information about cycles):

1 if 0 75 U]‘
0 otherwise

distm(vi, U]) = {
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Classification results & summary

D&D MUTAG NCI1 NCI109 PROTEINS PTC-MR PTC-FR PTC-MM PTC-FM
V-Hist 78.32+0.35 85.96+£0.27 64.40+0.07 63.25+0.12 72.33+0.32 58.31+0.27 68.13+0.23 66.96+0.51 57.91+0.83
E-Hist 72.90+0.48 85.69+0.46 63.66+0.11 63.27+0.07 72144039 5582+0.00 6553+0.00 61.61+0.00 59.03+0.00
RetGK* 81.60 £0.30 90.30+1.10 84.50+0.20 75.80 £0.60 62.15+1.60 67.80+1.10 67.90+1.40 63.90+1.30
WL 79.45+0.38 87.26 +1.42 8558+0.15 84.85+0.19 76.11+0.64 63.12+1.44 67.64+0.74 67.28+0.97 64.80+0.85
Deep-WL* 82.94+2.68 80.31+0.46 80.32+0.33 75.68+0.54 60.08 + 2.55
P-wL 79.34+046 86.10+1.37 85.34+0.14 84.78 +£0.15 75.31+0.73 63.07 £+1.68 67.30+1.50 6840+ 1.17 64.47 +1.84
P-WL-C 78.66+0.32 90.51+1.34 8546+0.16 84.96+0.34 7527+0.38 64.02+0.82 67.15+1.09 68.57+1.76 6578 +1.22
P-WL-UC 7850 +0.41 85.17+0.29 85.62+0.27 8511+0.30 75.86+0.78 63.46+1.58 67.02+1.29 6801+ 104 6544+1.18
Try it out
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Learning the ‘right’ filtration

C. D. Hofer, F. Graf, B. Rieck, M. Niethammer and R. Kwitt: ‘Graph Filtration Learning’, ICML, 2020

Graph Filtration Learning

Christoph Hofer Florian Graf Marc Niethammer Roland Kwitt
W MarcNiethammer ¥ rkwitt1982
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Digression

Graph neural networks in a nutshell

# Learn node representations /1, based on aggregated attributes a,
# Aggregate them over neighbourhoods

# |teration k contains information up to k hops away

# Repeat iteration K times

o) .= aggregate® ({hﬁ,k_l) lue N(v)})
hg,k) .— combine® <h§k71),az(,k)>
hg == readout({hz(,K) |ve %g})

This terminology follows the paper How powerful are graph neural networks? by Xu et al., presented at the

International Conference on Learning Representations 2019.
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Digression

Message passing in graphs
01
02 U3
U4
U5
(43 (%4

Here, v; € R% is a d-dimensional attribute vector (use one-hot encoding for labels).
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Digression

Message passing in graphs

01

(%] U3

U4

U5
(43 07

Here, v; € R% is a d-dimensional attribute vector (use one-hot encoding for labels).
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Digression

Message passing in graphs

01

02 U3
V4@ aggregate (via ), for example)
U5

(43 (%4

Here, v; € R% is a d-dimensional attribute vector (use one-hot encoding for labels).
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Digression

Message passing in graphs

01

(%] U3

v, @ aggregate (via ), for example)

U5
(43 07

Here, v; € R% is a d-dimensional attribute vector (use one-hot encoding for labels).

Repeat this process multiple times and update the vertex representations accordingly.
Use a readout function to obtain a graph-level representation.
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Learning graph filtrations

Motivation

# When classifying graphs with TDA, we often employ a filter function f: 0 — R,
such as f(v) := deg(v).

# We typically extend f to edges by setting f({u,v}) := max{f(u), f(v)}.

# How can we learn f end-to-end?

# Crucial ingredient: a differentiable coordinatisation scheme!

ETHziirich
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Learning graph filtrations

Details

Use a differentiable coordinatisation scheme of the form ¥: D — R. Letting
p := (a,b) denote a tuple in a persistence diagram, we have

1 1
Y = — ,
)= T el ~ T abstr—Tp—<ll)

with ¢ € R? and r € R~ being trainable parameters. The whole diagram is
represented as a sum over each individual projection.

Using n different coordinatisations, we obtain a differentiable embedding of a
persistence diagram into R".
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A readout function based on persistent homology

ETHziirich

‘persistent_homology‘

Z

{(ci,di) Yier
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A readout function based on persistent homology

ETHziirich

‘persistent_homology‘

Gradient exists

Z

{(ci,di) Yier
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A readout function based on persistent homology

ETHziirich

‘persistent_homology‘

Gradient exists

Z

{(ci,di) Yier
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Why does this work?

Terminology

# Let f: G — R be a function on a graph. Persistent homology can be seen as a
map from (G, f) to {(c;, d;) }icz-

# Let S be a map from points in the persistence diagram to simplex pairs (vertices
and edges), i.e. S(c;, d;) = (0;, T;). We write S(-) to denote the map for a single
point, i.e. S(¢;) = o;.

# Depending on the filtration, we can also map a simplex to one of its vertices. For
a sublevel set filtration, we have a map V with V() := argmax ., f(v).

# Finally, let P := (P, P;), with P, :=V o S(c;) and Py :=V o S(d;).
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Why does this work?

Example
4 4 e °
— 3 b 3
5/ 2 w 2 [ ]
S—
1 1
0 a 0
T T T T T T T T T T
0 1 2 3 4 01234
X €
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Why does this work?

Example

4 S [ J [ ]
3 b 3
3/2 w 2 [ ]
“—
1 1
0 a 0
T T T T T 1 1 T 1T
0o 1 2 3 4 012314
X €
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Why does this work?

Example

f(x)

We have §(0,4) = ({a},{a,b}).
We have V({a}) = xsand V({a,b}) = x4.
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Why does this work?

Example

f(x)

We have §(0,4) = ({a},{a,b}).
We have V({a}) = xsand V({a,b}) = x4.
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Why does this work?

Gradient calculation sketch

# [f the function values are distinct, then P is unique.
# |If the function values are distinct, then P is constant in some neighbourhood.

Assume that f depends on 6 = (61,0, ...). We then have f (P.(c;)) = c;, and, since

‘P is constant,
b _ of (Peler)) _ af(e) _ 9f
d9; d0; d0; d9; v

i.e. the partial derivative is equivalent to the derivative of the function evaluated at
the image of the map P..

This formulation and proof is due to the paper Topological Function Optimization for Continuous Shape Matching by

Poulenard et al., which appeared in Computer Graphics Forum, Volume 37, Issue 5, pp. 13-25.
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Obtaining a filter function f

Use a single GIN-¢ layer with one level of message passing (1-GIN) with hidden
dimensionality 64, followed by a two-layer MLP.

GIN-1,h =64

—

MLP(64,64,1) with sigmoid activation

Hence, f: U — [0,1].

We can initialise f using the vertex degree or uniform weights (plus a symbolic
perturbation to ensure gradient existence).
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Graph Filtration Learning

Practical results & summary

Method IMDB-BINARY IMDB-MULTI
1-GIN (GFL) 74.5+4.6 49.7+2.9
1-GIN (SuM) 73.54+3.8 50.3+2.6
1-GIN (SP) 73.0+4.0 50.5+2.1
Baseline 72.7+4.6 49.9+4.0
PH 68.9+3.5 46.1+4.2

# We can learn a scalar filtration function in an end-to-end fashion.

Try it out

# The readout function integrates nicely into existing architectures.
# Predictive performance is better than ‘raw’ persistent homology.

aph Classification  Bastian Rieck ~ @Pseudomanifold 7 Dec 2020

ETHziirich Rece



https://twitter.com/Pseudomanifold

Summary

# Topological features improve graph classification tasks.
# Recent advances make persistent homology differentiable!

# This is just the beginning: what about higher-dimensional features, different
filtrations, and other aspects?

# The future belongs to hybrid 2©® models!
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